EXTREMAL OF LOG SOBOLEV INEQUALITY AND W ENTROPY 
ON NONCOMPACT MANIFOLDS 



QI S. ZHANG 

Abstract. Let M be a complete, connected noncompact manifold with bounded ge- 
ometry. Under a condition near infinity, we prove that the Log Sobolev functional (jLip 
has an extremal function decaying exponentially near infinity. We also prove that an 
extremal function may not exist if the condition is violated. This result has the following 
consequences. 1. It seems to give the first example of connected, complete manifolds 
with bounded geometry where a standard Log Sobolev inequality does not have an ex- 
tremal. 2. It gives a negative answer to the open question on the existence of extremal 
of Perelman's W entropy in the noncompact case, which was stipulated by Perelman [P] 
p9, 3.2 Remark. 3. It helps to prove, in some cases, that noncompact shrinking breathers 
of Ricci flow are gradient shrinking solitons. 
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1. Introduction 

The main purpose of the paper is to give a counter example to the old question on 
existence of extremals of a standard Log Sobolev inequality (or its recent reincarnation 
in the form of Perelman's W entropy) on noncompact manifolds with bounded geometry. 
We also prove existence of extremal under an extra condition. Finding extremal of useful 
functionals is an useful problem in mathematical analysis. For instance there is a vast 
literature devoted to the study of ground state eigenvalues and eigenfunctions which are 
extremal of the Dirichlet functional. The Log Sobolev functional (jl.ip seems to be a mild 
nonlinear perturbation of the Dirichlet functional. Indeed, they share a common property 
i.e. there exist extremal functions for both functionals on compact domains or compact 
manifolds. However in the noncompact case the similarity stops. For instance in R", it is 
well known that the Dirichlet functional does not have an extremal or eigenfunction. 
In contrast the Gaussian functions are extremals of the Log Sobolev functional. Over 
the years, Log Sobolev inequality has found many applications in various branches of 
mathematics and physics. See for example the papers Gross [Gj, [G2j . Federbush [F] . 
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Bakry and Emery |BE) . Bakry and Ledoux |BL] . Diaconis and Saloff-Coste [DS] and Otto 
and Villani [QVj . A more recent application was discovered by Perelman [P] where he 
introduced the fundamental W entropy (j4.ip and used it as a key analytic tool to prove 
the Poincare conjecture. The W entropy is just the Log Sobolev functional (jl.ip scaled 
with certain time dependent parameter. For the Log Sobolev functional, the existence 
problem of extremal functions in the compact case was solved by O. Rothaus |Rot| 30 
years ago. However, in the noncompact case, the problem is wide open. There has been 
no counter example or general existence result for connected, noncompact manifolds with 
bounded geometry. We should mention that if one drops the connectedness, then it is easy 
to construct a manifold with infinitely many disconnected components, such that the Log 
Sobolev functional does not have an extremal. See the example at the beginning of Section 
3 e.g. Also if the manifold is homogeneous such as R", one can use symmetrization or 
translation or group action to prove existence of an extremal. 

In addition to being an interesting problem in its own right, the study of Log Sobolev 
inequality or W entropy in the noncompact setting is also important to Ricci flow. One 
reason is that many of the more interesting singularity models are noncompact, even when 
the Ricci flow under consideration is compact. One such example in the three dimensional 
case is the round neck S"^ x R, which is a typical singularity model. Using the existence 
of extremals of his W entropy, Perelman [P] proved a no breather theorem stating that 
shrinking breathers of Ricci flows on compact manifolds are shrinking gradient solitons. 
Recently, in the case (M.,g) is a noncompact gradient shrinking soltion, Carrillo and Ni 
|CNj proved that potential functions are extremals for W the entropy. 

On p9, 3.2 Remark of the same paper, Perelman also wrote 

"Of course, this argument requires the existence of minimizer, and justifications of the 
integration by parts; this is easy if M is closed, but can also be done with more efforts on 
some complete M, ..." 

However, it is not known so far if the W entropy always has an extremal for all non- 
compact manifolds which are reasonably nice, such as those connected ones with bounded 
geometry. The main theorem of the paper (Theorem 11.11 or Theorem 14. ip shows that 
on noncompact manifolds, the Log Sobolev functional or the W entropy has an extremal 
function under a condition near infinity; it also shows that an extremal function may not 
exist if the condition is violated, giving a negative answer to the above question stipulated 
by Perelman. As another application we partially extend Perelman's no breather theorem 
to the noncompact case. See Section 4 below. 

In order to state the result precisely, we first introduce a number of basic assumptions 
and notations. 

Basic assumptions. In this paper, unless stated otherwise, we assume the n dimen- 
sional Riemannian manifold M with metric is a complete noncompact manifold with 
bounded geometry which means: 

1. there exists a positive constant a such that 

\Rm\ < a 

where Rm is the curvature tensor and \Rm\ is the maximum norm of Rm under g. 

2. there exists a positive constant /3 such that, for all x G M, 



B{x,l)\g>/3. 
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Here B{x, 1) is the geodesic ball of radius 1, centered at x; and \B{x, l)\g is the volume of 
B{x, 1) under the metric g. 

It is well known that assumptions 1 and 2 imply that the injectivity radius of M is 
bounded from below by a positive constant. See |CGT| and |CLY| e.g. 

We will use the following notations throughout the paper. gij,Rij will be the metric and 
Ricci curvature; R is the scalar curvature; V, A the corresponding gradient and Laplace- 
Beltrami operator; dg is the volume element; c, C with or without index denote generic 
positive constant that may change from line to line. 

The main Log Sobolev inequality that we deal with in this paper is just the usual one 
perturbed by the scalar curvature of the manifold, i.e. there exist positive constant a and 
another constant c = c(a, M,^) such that, for v G Cq°(M) and ||t^||L2(]vi) = 1, 

/ v'^lnv^dg<a {'i\Vv\'^ + Rv^)dg + c{a,M, g). 

The functional associated with the Log Sobolev inequality when a = 1 is 

(LI) L{v,g)= [ {AlVvl"^ + Rv^ -v^ In v^)dg, veW^'^{M). 

Jm 

One reason for involving the scalar curvature is, after scaling the functional by certain 
time dependent factor and coupled with Ricci flow, it becomes Perelman's W entropy 
[P] . which is a fundamental quantity for Ricci flow. This relation is shown in (14. 2p . 
The existence and nonexistence of extremal of the Log Sobolev functional depends on two 
quantities given in the definition below. The first one is just the best Log Sobolev constant 
or the infimum of the functional in (jl.ip . The second one is the best Log Sobolev constant 
at infinity. The concept is motivated by P.L. Lions' concentration compactness principle 

u 

Definition 1.1. Let (M.,g) be a complete noncompact manifold with bounded geometry. 
The best Log Sobolev constant of (M, g) is the quantity 

A = A(M) = A(M,5) = inf{ / {i\Vv\'^ + Rv'^ - v'^ In v'^)dg \veC^{M), ||?;||l2(m)=i}- 

Jm 

The best Log Sobolev constant of (M, g) at infinity is the quantity 

Aoo = Aoo(M,5) = lim inf{ /" {4\Vv\'^ + Rv^ - v'^ In v^)dg \ 

'-^'^ JM-B(0,r) 

V G C^{M - B{0,r)), ||f||L2(M-B(0,r))=l}- 

Let D be a domain in M. The best Log Sobolev constant of D is the quantity 

X = X{D) = X{D,g) =mi{ [ {4\Vv\'^ + Rv"^ - v"^ In v^)dg \veC^{D), \\v\\L2m)=i}- 

Jd 

Definition 1.2. (extremal) Suppose A = X(M.,g) is a finite number. A function v G 
VF-^'^(M) is called an extremal of the Log Sobolev functional il.l]) if llfllia^jyi) = 1 and 

[ {4\Vv\'^ + Rv^ -v"^ In v^)dg = X 
Jm 

The main result of the paper is the following theorem, or equivalently Theorem 14.11 in 
Section 4. 
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Theorem 1.1. (a). Let M 6e a complete, connected noncompact manifold with bounded 
geometry. Suppose A < Aqo, then there exists a smooth extremal v for the Log Sobolev 
functional in Also, there exist positive constants a,A>0 and a point € M such 

that 

v{x) < Ae-"'^'(^'°). 

(b). There exists a complete, connected noncompact manifold with bounded geometry 
such that A = Aqo, but the Log Sobolev functional in does not have an extremal. 

Remark. Manifolds satisfying the condition A < Aqo are quite common. For example, 
suppose M is asymptotically Euclidean, then Aqo = A(R"') = ^ ln(47r) — n. If there exists 
a compact domain D C M such that X{D) < ^ ln(47r) — n. Then 

A < X{D) < Aoo. 

It is easy to construct a domain such that X{D) is arbitrarily negative. One example is 
the scaled flat torus h'^{S^ x S^) x when the scaling factor /i — )• 0. See Lemma 13.61 

Even though the Log Sobolev functional in the theorem contains the scalar curvature 
R, the result still holds if one deletes the scalar curvature. The proof only requires minor 
adjustment. 

The rest of the paper is organized as follows. Theorem ll.il (a) and (b) will be proven in 
Sections 2 and 3 respectively. Applications on the W entropy will be given in Section 4. 



2. Proof of Theorem 11.11 (a), the existence part 

The proof of the theorem relies on the study of the Euler-Langrange equation of the 
Log Sobolev functional: 

(2.1) AAv - Rv + 2v\nv + Xv = 0. 

When A is the best Log Sobolev constant, this is the equation satisfied by the extremal. 
Sometimes we also need to deal with subsolutions to this equation. A function v G 
W^^^(M.) is called a subsolution to (|2.ip if it satisfies the following inequality in the weak 
sense: 

(2.2) 4Av - Rv + 2vlnv + Xv >0, in M. 

i.e., for any nonnegative, compactly supported test function tp, we have 

A / v^pdg > / {AVvViIj + Rv^p - 2ipvlnv)dg. 
Jm Jm 

We will need a number of lemmas before proving the theorem. The first lemma is a 
mean value type inequality for subsolutions of the above equation 

Lemma 2.1. (a). Suppose v is a bounded subsolution to the equation h2.1\) in the ball 
B{m,2) C M such that ||f||L2(^(„ 2)) — 1- Here m G M which has bounded geometry. 
Then there exists a positive constant C = C{n,a, (3, X) such that 

sup < C v'^dg. 

B(m,l) JB{m,2) 
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(b). Moreover, if v is a bounded solution to \2. 1\) in the ball B{m,2) C M such that 
ll^llL2(B(m,2)) ^ 1; then there exists a positive constant C = C{n,a, f3, X) such that the 
gradient bound holds: 



sup |V?;p <C v'^dg. 

B(m,l/2) J B{m,l) 



Proof. 



Part (a). This part of the lemma and its proof is similar to that of Lemma 8.2.1 in 
[Z] where the underlying manifold is an e horn. The proof relies on Moser's iteration and 
standard Sobolev inequality and takes advantage of the slow growth of In v when v is large. 

Given any p > 1, it is easy to see that 

(2.3) - A/^yP +pRv'P <2pvP\nv +p\\\vP. 

We select a smooth cut off function (j) supported in B{m, 2). Writing w = and using 
w(p'^ as a test function in (j2.3p . we deduce 



4 J V{w(jP')Vwdg +p j R{w(t)fdg <2p j {wcjif Invdg + p j \X\{w(t)fdg. 
By the bound on the curvature tensor \Rm\ < a, we deduce 

4 j V{w(t?)Vwdg <p j {w(j)f \nv'^dg + {Ca + \X\)p J {wcpfdg, 
which induces, after integration by parts, 

(2.4) 4 / \V{w(t))\'^dg <A j \V(t)\^v?dg + {Cap + \X\) [{wcjyfdg+p [ {wcfyf In v'^dg. 



We need to dominate the last term in (j2.4p by the left hand side of (j2.4p . For one 
positive number a to be chosen later, it is clear that 

Inv^ < + c(a). 

Hence for any fixed q > n/2, the Holder inequality implies 

p / (vucj))'^ In v'^dg <p {w(j)f'v'^"'dg + pc{a) j {wcl)f'dg 



<pU v'^^'^dg] ( / («;(/))2''/(9-i)dg j +pc(a) / {w(l)fdg. 

We take a = 1/g so that 2aq = 2. Since the norm of u is less than 1 by assumption, 
the above implies 

r / r \ (<?-!)/'? r 

p / {w(l)flnv^dg <p[ {w(l)f'^/^'^-^Ug] + pc{a) j {wcpfdg. 

By interpolation inequality (see p84 [HL] e.g.), it holds, for any 6 > 0, 

/ f \ / r \ (n-2)/n ^ 

{ / {w<j)f''l^''~^Ug j < 6 f / (w;0)2'^/("-2)d5 j + c(n, g)6-"/(2'?-") / {wiPfdg. 
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Therefore 

(2.5) ^^^^ 
p j {w<j)f \Wdg <pb(^J (u'</.)2"/("-2)^^^ +C7p6-'^/(2g-n) j ^^^f^g+pC J {w(l)fdg 

Since the manifold M has bounded geometry, it is well known ( |Auj . [Heb] . [HVj and 
[Sa] e.g.) that a standard Sobolev inequality holds, i.e. there exist positive constants 
depending on a, /3, n such that 

/ /■ \ {n-2)/n I- I- 



This and (j2.4p imply 
(2.6) 

(n-2)/n 



So i / M)2"/("-2)d(7] < / \V4>\Wdg+{Cap+\X\+l) / {w4>fdg+p / (u;,/.)^ Inz;^^^. 

Substituting ()2.5p to the right hand side of (12. 6|) . we arrive at 

(n-2)/n ^ / \ (n-2)/n 



So { / M)2"/("-2)d(7j < 4 / \V<j)\'^w'^dg + ph ( / (u></.)2"/("~2)d(7 

+ c(n,g)p6-"/(2g-n) f (^^f dg + pc{a) I {w^fdg. 



Take 6 so that pb = So/2. It is clear that exist positive constant c = c(5o,n,(7) and 
Po = Po(^) (z) such that 

/ r \ (n-2)/n ^ 

(2.7) ( /(u;(/<)2"/("-2)d5j < c(p+l)P° /(|V,^|2 + l)ii;2d5. 

From here one can use standard Moser's iteration to prove the desired bound. We briefly 
sketch the main steps. Let = .^^(s), /c = 0, 1, 2, be a smooth one variable function such 
that Cfc(s) = 1 when s £ [0, 1 + (l/2'^-+i)]; < Ck{s) < 1, when s G [l + (l/2'=+^), l + (l/2'=)] 
and ^fc(s) = 0, when s £ [1 + (1/2^), oo). We also require that |^'(s)| < Set the test 

function (pk = £,k{d{x,m)). Then it is clear that 

(2.8) |V0fc| < ^. 
By ([221) and i^Bj 

{n-2)/n 



(2.9) / u;2-/(n-2)^^ <^(p+l)Po/" 

WB(m,l+(l/2fe+l)) / 2^ 7B(m,l+(l/2fe)) 



w^dg. 



Recall that w = v^. We iterate (gS]) with p = {n/{n - 2))^, k = 0,1,2,... Following 
Moser, we get 

sup < C v^dg. 



B{m,l) JB(m,2) 

This proves part (a) of the lemma. 
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Part (b). By standard computation, in local orthonormal system, we have 

A\Vv\'^ = 2^ijvfj + 2J:i{Av)iVi + ARijViVj. 

Here Vi is the covariant derivative of v and Rij is the Ricci curvature. Since v is a solution 
to (I2.ip . we know that 

{Av)iVi = ^{Rv -2vlnv - Xv)iVi = ^{RiVVi + Rvf - 2vf Inv - 2v'f - Xvf). 

Since , by part (a), v < C in B{m,l) , we have —Inv > — InC Hence there exists a 
positive constant C such that 

AlVt-l^ > -C{\Vv\'^ + v'^) 

in the ball B{m, 1). From here, we can use Moser's iteration for standard Laplacian to 
conclude that 

sup \Vv\^<cf {\Vv\^ + v'^)dg <C f v'^dg. 

S(m,l/2) JB{m,2r/3) J B(m,r) 

□ 

The next lemma shows that interior maximum value of a positive solution of equation 
(j2.ip in a ball has a positive lower bound independent of the ball. This property in case 
of compact manifolds was already observed in Section 17.2 of jCCGGHKLLNS l . 

Lemma 2.2. Let v be a smooth positive solution of equation \2. 1\) in the ball B{0, r) C M 
such that V = on dB{0,r). Here is a point in M and r > 0. Then 

sup vye^'-'^'-^y'. 

B{Q,r) 

i.e. the maximum value of v is bounded from below by a positive constant depending only 
on A and the lower bound of the scalar curvature. 

Proof. 

Since t; is at the boundary, clearly the maximum of v is reached at some point xq in 
the interior of the ball B{0,r). Hence Av{xo) < 0, which implies, by equation (12. ip . 

-R{xo)v{xo) + 2v{xo) lnt;(xo) + \v{xo) > 0. 
From this, the lemma follows. □ 



Lemma 2.3. Let v be a bounded subsolution to ^2. l\l on M such that \\v\\l2i^i^-^ < 1. Let 
be a reference point on M. Then there exist positive numbers ro, a and A, which may 
depend on a, f3 and the location of the reference point such that 

v{x) < ^e-"'=''(^'°), when d{x,0) > tq. 

Proof. 

Recall from Lemma l2. II that there exists a constant C > such that 



v^ix) <C v^dg, X G M. 

Jb{x,2) 

This infers 

-2 In > - In C - In / v^dg. 

Jb(x,2) 



8 QI S. ZHANG 

Since v'^dg < 1, we know that 

lim / v'^dg = 0. 

d{x,0)^co Jb{x,1) 

Therefore — ln?;(x) — )■ +oo when d{x,0) — t- oo. Thus, there exists ro > 0, such that, when 
d{x,0) > ro, we have 

(2.10) R{x) - lnv{x) - A > 0, and v{x) < 
Substituting this to (I2.2p . we deduce, 

4:Av{x) + v{x) lnv{x) > v{x){R{x) — lnv{x) — A) > 0. 
Hence, when d{x,0) > tq, we have 

(2.11) 4At!(2;) + v(x)lnv(x) > 0, and v{x)<e'^. 
Next we compare v with a model function 

(2.12) J = J{x) = e-'*^'(^)+'"^o-i. 

Here a > is to be decided later; L = L{x) is a smooth function on M, which satisfies 

|VL(x)| < Ci, \V^L{x)\ <Ci, X G M, 

Cf ^L(x) < d{x, 0) < CiL(x), d{x, 0) > tq. 
Under our assumption of bounded geometry, it is well known that such a function exists. 
For instance, let r/ > be a smooth function in C^(R"), supported in a ball centered at 
the origin, whose radius is less than the injectivity radius of M. If also ||?7||/,i(R,n) = 1, 
then 

(2.13) L{x)= I r]{w)[d{{),exp^{w)) + l\dw 

satisfies the above requirements. See also the proof of Proposition 19.37 in [CCGGHKLLNS] , 
e.g. Since (i(x,0) and L{x) are comparable when they are large, by (12. lip , we can choose 
ro sufficiently large so that 

(2.14) A/\v{x) + v{x)\iiv{x)>{), and v{x) < e''^ 

when L{x) > tq. 

By direct computation 

AJ = J[4a2|VLpL2 - 2aLAL - 2a\VL\\ 

J\nJ = J{-aL^ + arl-l). 

Hence 

4AJ + Jin J = J[16a^|VL|^L2 - 8aLAL - 8a|VL|2 - aL^ + arl - 1] 
< J[ma^ClL^ + 8aCiL - aL^ + arl - !]• 
This implies, for some C2 > 0, 

4AJ + JlnJ< J[C2a^L^ - aL^ + arl- (1/2)]. 
We take a = minlT^-, . A . Then 

4AJ + Jin J < 
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when L{x) > vq and J(x) = when L(x) = rg. This and ()2.14p show that 

I4A{J-v) + JlnJ-vlnv<0, if L{x) > ro, 

J{x) < e~^, v{x) < e~^, if L{x) > tq 

{J-v){x)>0, if L(x) = ro, 

{J-v){x)-^0, if L{x)-^oo, 

Since J{x),v{x) < e~^, by the mean value theorem, there exists a function / = f{J{x),v{x)), 
< / < such that 

J{x) In J(x) — v{x) In u(x) = (In / + 1)( J(x) — v(x)). 

Observe that 

In / + 1 < Ine^^ + 1 < 0, when L(x) > tq. 
Therefore we can apply the standard maximum principle for the elliptic inequality on 

4A{J - v){x) + (in f + 1){J - v){x) < 0, when L(x) > ro 
to conclude that 

v{x) < J{x) = e-«-^'(^)+'^'-o-i, when L{x) > r^. 

Since L[x) and d{x, 0) are comparable when they are large, we have proven the lemma by 
making a smaller if necessary. □ 

Lemma 2.4. Let {M.^g) he a complete noncompact manifold with bounded geometry. Let 
V G W^''^(M.), \\v\\i2(^-^-^ = 1 be a bounded sub-solution of ^2. 1\) i.e. 

4At; - Rv + 2vhiv + \v >Q. 

Here X is a constant. Let D be a bounded domain in M and define 

(2.15) X{D) = mi{j{'i\Vv\'^ + Rv^ -v^lnv'^)dg \ V £C^{D), ||7;||2 = 1}, 

For any smooth cut-off function rj G Cq^{D), < rj < 1, it holds 



X{D) J {vj]Ydg<X J {vrjYdg + A J y-'lVrjl^dg - J {vj]Y\nr]^dg. 

Proof. 

Since Tyv/Hr/u ||2 G Cq^{D) and its L^ norm is 1, we have, by definition, 

m < I 



4^— — — 1- R- — — — - — — In - — — dg. 



rjv\\l \\r]v\\l \\r]v\\l \\r]v\\l 



This implies 



(2.16) X{D)\\r]v\\l < / [4\V{r]v)\'^ + R{r]vY - {r]vYln{r]vf]dg+\\r]v\\lln\\r]v"'^ 



2- 



On the other hand, v satisfies 

AAv - Rv + 2vlnv + Xv > 0. 
Using r/^u as a test function here, we deduce 

A J {rjvYdg> -4 j {Av)rj^vdg + j R{rjvYdg-2 j {rjvYlnvdg. 
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By direct calculation 



-4 j {Av)7]'^vdg = 4 j |V(r?w)pcisr - 4 j v'^\Vr]\'^dg. 



Hence 



(2.17) A ji-nvfdgyA j \V {r]v)\'^ dg - 4 j v'^\Vr]\'^dg + j R{'qvfdg-2 j\r]vf\nvdg. 
Comparing ()2.17p with (j2.16p and noting that ||r/i'||2 < 1, we obtain 

KD)\\riv\\l < \\\r]v\\l + 4 / \Vr]\^v'^dg - i {r]vf\iirfdg. 



□ 

The next lemma is a stability result for the infimum of the Log Sobolev functional under 
perturbation of the metric. We believe it should be known. However, since we can not 
find it in the literature, we present it here. 

Lemma 2.5. Let D C M be a compact domain. For any e > 0, there exists 5 > such 
that the following statement is true. 

Let gi and g2 be two metrics on M such that 

hi - 521102(^,91) < 

Here \\ ■ \\c^(D,gi) stands for the norm for (2,0) tensor fields under the metric gi, 
restricted to the domain D. Then 

\X{D,g^)-X{D,g2)\<e. 

Here, for i = 1,2, 

X{D,g,) = mi{[ {4\VgM^ + Rg.v^-v^lnv^)dgi \ veC^{D), ||^||L2(Ag.)=i}- 
Jd 

Proof. 

By definition of X{D,gi), there exists a function v £ C^{D) such that ||^||L2(D,gi) = 1 
and that 

XiD,gi) + e> [ ii\Vg,v\^ + - vHnv^)dgi. 

Jd 

Recall, in local coordinate patch U with coordinate {x^, 

|Vgiw|^ = g\^divdjV. 

Hence, in each local coordinate patch, 

-e < |Vg,i;|^ - iVga^p < e; {Rg^^ - Rg^\ < e; \dgi - dg2\ < e 

when \\gi — g2\\c'^{D,gi) < ^ with 6 being sufficiently small. Since D is compact, it can be 
covered by finitely many local charts. Therefore, there exists C > such that 

X{D,gi) + e > / {4\Vg,v\'^ + Rg^ - \W)dg2 - Ce. 
Jd 

Consider the function v = v /\\v\\]^2(^£)^g.^y Then the above inequality becomes 
X{D,gi)+e > jj,A\Vg^v\^+Rg^v'^-v'^\W)dg2 l|w|li2(B^g2)-|l^lli2(D,g2) In ||t'||i2(o_g2)-Ce. 
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Since ||^ ||L2{D,g2) ~ ^' deduce 

X{D,gi) + e> KD,g2)\\v\\l2(D,g2) " \Hh{D,g2)'^'^\Hh(D,g2) - 

Notice that Iblli2(£,^g^) = 1 and H^i - 5'2||c2(D,gi) < ^- Thus |1 - Iblli2(£,^g2)l < ^ ^^^^ ^ 
is sufficiently small. Hence there exists C > such that 

X{D,gi) + Ce> X{D,g2). 

In the same manner, we obtain 

X{D,g2) + Ce> X{D,gi) 

which shows 

\X{D,gi)-X{D,g2)\<Ce. 

□ 

Now we are ready to give the 

Proof of Theorem 11.11 (a), the existence part. 

We assume A < X^o- First we prove that A is finite. Since M has bounded geometry, it 
is well known (c.f. |Au| . |Hebj . |HVj ) that the following Sobolev inequality holds: there 
exist positive constants Sq depending on a,f3,n such that, for all v £ C^(M), 



(n-2)/n 

y'2n/{n-2)^\ < , \Vv\'dg+ I v'dg. 



Under the assumption ||v||j;^2(]yi) = 1, a quick application of Jensen's inequality on the 
Sobolev inequality shows, for a constant C = C{n, Sq) and all e > 0, 



v'^\nv'^dg<e^ j \Vv\'^dg - '-\n.e^ + + C. 
Taking e = 2 and using the assumption that the scalar curvature R is bounded, we deduce 



n 



> — oo. 



(2.18) A = inf{/ {A\Vv\^ + Rv"^ -v'^\nv'^)dg\v eC^{M.),\\v\\L2ij^-) = l] 
Jm 

i.e. A is finite. 

For positive integers k, consider the domains 

D{0,k) = {x£ M\L{x) < k} 

where L = L[x) is the smooth function defined by (j2.13p . which is comparable to d{Q,x) 
when it is large. By properties of L = L{x), dD is a boundary. Given a positive integer 
k, let Afc be the best Log Sobolev constant of the ball D{0, k), i.e. 

Afc = X{D{0,k)) = inf{ j (AlVvl"^ + Rv"^ - v^\nv^)dg \ v G C^{D{0,k)), \\v\\2 = 1}. 

According to [Rot] . A^ is finite and there exists a smooth extremal function Vk on D{0,k), 
which satisfies 

\4:Avk- Rvk + 2vklnvk + XkVk = 0, in D{0,k) 
\vk = 0, on dD{0,k). 
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We mention that is uniformly bounded in C"(M) norm, i.e., there exists a positive 
constant C such that 

(2-19) \\vk\\c"(D{Q,k)) < C. 

A proof goes as fohows. We extend to a function on the whole manifold M by setting 
Vk{x) = when x G M — D{0,k). The extended function is still denoted by Vk- Then 
Vk G VF^'^(M), and Vk satisfies the following inequality in the weak sense 

4Avk - Rvk + 2vk In Vk + XkVk > 0, in M. 
i.e., for any nonnegative, compactly supported test function ip, we have 

Afc / Vki/jdg > / {AVvkVip + Rvki^ - 2ipVk lnvk)dg. 
Jm Jm 

By Lemma 12. H the norm ||fA;||Loo{M) is uniformly bounded. Hence the original Vk in 
D{0, k) is actually a bounded weak solution to the Poisson equation 

(Avk{x) = fk{x), xeD{0,k) 
yvkix) = 0, x£dD{0,k) 

with ||/fc||ioo(M) < C. Note that 9D(0,/c) is given by L(x) = A; and |VL(x)| + |V2l(x)| <C 
when L{x) is large. Thus dD{0,k) is boundary which can be expressed by a uniform 
function locally in geodesic balls of radius less than the injectivity radius of M. Hence 
the standard elliptic theory shows (|2.19|) is true. 

By (I2.18p . Afc > A > — oo and {A^} is a decreasing sequence. Hence {A^} is uniformly 
bounded by a number, say A. According to Lemma [221 there exists a point x^ G D{0, k) 
and a uniform constant C = C{n, a, /3, A) > such that 

(2.20) Vk{xk)>C>0, A: = 1,2,... 

We consider 2 cases. 



Case 1. {x^} is a bounded sequence in M, i.e. d{xk,0) is uniformly bounded. 

By Lemma l2.ll the sequence {v^} of extended functions is uniformly bounded in L°° 
norm, k = 2,3,.... By (|2.19p we can find a subsequence, still denoted by {v^}, which 
converges in norm to a smooth, nonnegative function v G C°°(M.) that solves the 
equation 

4Ati - Rv + 2vlnv + Xv = 0. 

The lower bound in ()2.20p ensures that v is a positive solution. Moreover Hi'llia^jyi) < 1 
by Fatou's Lemma. By Lemma 12.31 there exist positive constants a and A such that 

v{x) < Ae~«'^'(^.o) xeM. 

The classical volume comparison theorem tells us that \B{0,k)\g grows at most like e'^'^, 
where c depends on the curvature bound a and n. Hence we can multiply the above 
equation by v and perform integration by parts to deduce 

(2.21) L{v,g)= [ [4\Vv\'^ + Rv^ -v"^ In v^]dg = X [ v^dg. 

Jm Jm 
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If v'^dg = 1, then v is an extremal function of the Log Sobolev functional L, and the 
proof Theorem ll.il (a) is done. So we suppose J-^v^dg < 1. We consider the function 

V 

V = -rr—r . 

lhllL2(M) 

Then ||i'||i2(]y[) = 1 and (j2.2ip infers 



A = L{v,g)\\v 



1-2 J-^[^\Vv\'^ + Rv"^ - v'^\B.v'^\dg 

Il2(M) = |Oj2; 



/ 



[4|V{ip + RiP' - v"^ \nv^]dg - InHu'i^ 



'M 



L2(M) 

L2(M) 



The last step is due to the definition that A is the infimum of the Log Sobolev functional. 
If the assumption v^dg < 1 is valid, we would get the contradiction A > A. Hence 
/m '^'^dg = 1 and v is indeed an extremal. This finishes the proof in Case 1. 

Case 2. {xk} is an unbounded sequence in M. 

Since M has bounded geometry, by Hamilton's compactness theorem, the pointed man- 
ifolds (M, converges in Cj^^ topology (also called Cheeger-Gromov sense), to a com- 
plete limit manifold (Moo , a^oo , doo ) ■ This limit manifold also has bounded geometry. 

Recall Ufc(> 0) solves 

j 4Aufc - Rvk + 2vk In Vk + XkVk = 0, in _D(0, k) 
\vk = Q, on dD{0,k). 

We extend Vk to a function on the whole manifold M by setting Vk{x) = when x £ 
M — D(0,k). The extended function is still denoted by Vk- Then, as in Case 1, Vk G 
C"(M) n M^^'^(M), and Vk satisfies the following inequality in the weak sense 

4Affc — Rvk + 2vk Inffc -|- XkVk > 0, in M. 

Since Vk is nonnegative and uniformly bounded by Lemma [2. 1^ the standard elliptic theory 
shows that a subsequence of {vk}, converges in C°^^ sense to a function v £ C"(Moo) n 
M^^'^(Moo)- Moreover v satisfies the following inequality in the weak sense 

4Av - Rv + 2vlnv + Xv >0, in Moo- 

i.e., for any nonnegative, compactly supported test function ip, we have 



A / vil^dgoo > / {AVvV^ + Rvip — 2'^pvlnv)dgoo■ 
Here the Laplacian A, the gradient V and the scalar curvature R are with respect to the 
limiting metric ^oo- Since Vk{xk) converges to v{xoo), by (j2.2Up . we also know that 

(2.22) v{xoo) >C>0. 

By Lemma 12.31 and Fatou Lemma, there hold the bounds 

(2.23) v{x) < ^e-"'^'(^'^-»-), X G Mo^; / v'^{x)dgoo < 1- 

-'Moo 
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Let r > be a large number to be fixed later. Define, on the manifold {M^,gac) and 
under the metric Qoo, 

A(5(xoo,r)) = inf{ j {4\Vv\^ + Rv^ - v^lnv^)dgoo \ v G C^{B{x^,r)), \\v\\2 = 1}. 

We choose a smooth cut-off function ij G CQ°{B{xoo,r)) such that 0<?7<1, 7/ = lon 
B{xoo,r/2) and that \Vri\ < C/r. By Lemma [Ml it holds 

(2.24) A(S(x..,r))<A + 4/"'"^^"''^- /M^lnr/^d^^ 



J{vrifdgoo Jivqfdg^ 
By (|2.22p and the fact that v is in C"(Moo), we can find a positive constant c > such 



that 



/ {vTqfdgoo > / v'^dgoo > c. 

J JB(x^..r/2) 



'B{x^,r/2) 

From this and ()2.24p . using properties of r/, we deduce 



\{B{xoo,r))<X + C{l + l/r) v'dg^. 



,•2 

'B{xa^,r)-B{xaa,r/2) 

By (|2.23|) and the classical volume comparison theorem, this implies 

A(B(xoo, r)) < A + C7(l + l/r)e-''^'/^e'="^ 

Here, as before a is the bound on the curvature tensor. Thus, for any e > 0, there exists 
ro > such that 

(2.25) A = A(M) > X{B{xoo,r)) - e 
when r > tq. 

By definition of {Mao,Xoo, goo) as a limit manifold, for any 5 > 0, when k is sufficiently 
large, there exists a diffeomorphism F from B[xoo^f) onto an open set U C M, which 
contains x^, such that {F*)~^gao and g are 5 close in C°° topology, when they are restricted 
to U. By Lemma 12.51 we have, when 5 is sufficiently small, 

(2.26) A(5(xoo,r)) = A(5(xoo, r), ^oo) = A(C/, (F*)-^5oo) > KU,g) - e. 
By definition of [/, we know that for any x €z U, 

d{x,Xk, {F*y'^goo) < r 
which implies, since {F*)~^goo and g are 5 close, 

d{x,Xk,g) < {I + CV6)r. 
Hence, when 5 is sufficiently small, it holds 

U C B{xk,2r,g). 

This and ([2:26]) teh us that 

X{B{xoo,r)) > X{B{xk,2r,g),g) - e. 
Recall that d{xk,0,g) — )• oo when k — )• oo. Therefore, when k is large, 

B{xk,2r, g)cM- B{0, d{xk,0, g)/2, g). 
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By definition of Aqo , we know tliat 

X{B{xk,2r,g),g) > Aoo - e 
wlien k is sufficiently large. So we get 

X{B{xoc,r)) > Aoo - 2e. 

By ()2.25p . we finally deduce 

A = A(M) > Aoo - 3e. 

Since e can be sufficiently small, we have reached a contradiction with the assumption 
that A < Aoo- This shows that Case 2 can not happen, and only Case 1 occurs, implying 
that an extremal exists. 

The bound for the extremal v in the theorem is already proven in Lemma 12.31 This 
proves part (a) of the theorem. □ 



3. Proof of the theorem 11.11 (b), the nonexistence part 

The proof is done by constructing a concrete 3 manifold on which the Log Sobolev func- 
tional does not have an extremal. In order to present the main idea of the construction, 
we informally describe a crude example of a disconnected manifold of such kind. 

Example 3.1. Let {Mk,gk), k = 1,2,..., be a sequence of compact manifolds without 
boundary and let A^ be the infimum of the Log Sobolev functional on M^. We assume that 
Afc is a strictly decreasing sequence bounded from below by a finite number. For instance 
we can take = (1 + k^'^){S^ x S^), the flat 2 torus whose metric is the standard one 
scaled by the factor 1 + /c~^. Let M be the disjoint union of M^- We now prove that the 
Log Sobolev functional does not have an extremal on M. Suppose for contradiction that 
V is an extremal of the Log Sobolev functional on M, whose infimum is A. Then A < A^ 
and 

(3.1) \ = L{v,g) = T.f^^ I {4\Vv\'' + RkV^ -v^\W)dgk. 

JMk 

Here Rk is the scalar curvature of {Mk,gk)- Without loss of generality, we can assume 
that v\Mk is not identically zero for k = 1,2,3,.... Otherwise, we just delete those 
where v\Mk is identically zero. Write 

v\MA\L^[Mk,9k) 

Then, \\vk\\l2(^M^^g^) = 1 and 
1 {A\Vv\^ + RkV^ -vHW)dgk 

JMf, 

= MMjl2(^M,,g,) / myVkl"^ + Rkvl - vllnvl)dgk - \\v\Mjl2^M,,g,)^^MMjl2(^Mk^g^) 

>\\v\MA\\2^Mk^gk-) j {^\Vvk\'^ + Rkvl-vl\iivl)dgk. 
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Here we used the fact that \\v\m, Wliit-r ^ < llt'll?2/»^\ = 1- Hence 



/ {4:\Vv\'^ + RkV^ - v^\nv'^)dgk > \\v\Mk\\l2^Mk,gk)^''- 
J Ml. 



Substituting this to (|3.ip , we deduce 



Notice that 



A > S^i||i;|Mjli2(M,,g,)Afc. 



-1 II ||2 vnoo II I ||2 

^ - PIIl2(M) - ^fc=lFlA4llL2{Mfc,gfc)- 



Multiplying this equality by A and subtracting the last inequality, we find that 

S^l||u|Mjli2(Mfc^gfc)(Afc - A) < 0, 

which is a contradiction with the fact that A^ > A. Hence no such extremal v exists. 

The manifold M in this example is disconnected and therefore it can not serve as a proof 
of the theorem. However, building on the main idea from this example, we will construct 
a manifold M which is a connected sum of infinitely many copies of compact manifolds, 
each of which can be graphically described as a ball with a handle or just a "hand bag". 
See the figure in Step 4 of the proof. The basic components of the manifold are: round 
necks, truncated 5"^, and tubes whose cross sections are the flat torus S*^ x 5"^. By studying 
the behavior of the Log Sobolev functional when these components are pasted together, 
we will eventually show that the Log Sobolev functional does not have an extremal. 

First let us introduce some notations. 

Definition 3.1. (Round necks and flat tubes) 

Let h,A,B be real numbers, we use N = N{h,A,B) to denote the round neck h'^S'^ x 
[yl, i?] with the product metric g = h'^gs^ x S'ri- Here gg2 is the standard round metric 
on S'^ with radius 1; g^i is the Euclidean metric on R^ ; and /i^ scales gs2 only. For 
convenience, we also normalize the scalar curvature corresponding to gs2 to be 1. Let 
X S N{h, A, B). We use x = (xi,X2,X3) as a coordinate for x, where (xi,X2) G and 
X3 G [A,B]. 

If A = 0, we will use N{h,B) to denote N{h,A,B). 

We use H = H{h,A,B) to denote the flat tube h'^{S^ x S^) x [A,B] with the product 
metric g = K^ggiy^gi x gj^i. Here gs^xs^ standard flat metric on x so that 

the radius of is 1; g^i is the Euclidean metric on R^; and h"^ scales gs^xs^ only. Let 
X G H{h, A, B). We use x = {xi,X2,xs) as a coordinate for x, where {xi,X2) £ x 
and X3 G [A, B]. 

We need a number of lemmas again. 

Lemma 3.1. Let v be a bounded, positive subsolution to the equation ^2.1\) in the round 
neck N = h'^S^ x [-/,/]. i.e. 

AAv - Rv + 2vlnv + Xv > 0. 

Suppose \ < 0, h £ {0,1], I > 2 and that ||'u||/,2(jv) ^ 1- Then there exists a positive 
constant C which is independent of h such that 

v^{x) <C [ v'^dg 

J B(x,l) 
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when X e h'^S^ X [-1 + 1,1 - 1]. 
Proof. 

The result in this lemma and the proof are analogous to that in Lemma l2. 11 However, 
there is difference, namely the constant C in the lemma is independent of h G (0, 1]. 

First, we claim that there exists a positive constant 5*0, independent of h, such that 
such that, 



n 



/ f \ (n-2)/n „ 

(3.2) 5o ( / n2"/("-2)d5j < i4\Vu\'^ + Ru^)dg, 

for all u G C^{h^S'^ x [— /, ,1]). Here is a quick proof of the claim. Consider the infinite 
round neck S"^ x h^'^R^. Here h^^R^ is -R^equipped with the scaled metric h~'^gpji. Note 
the curvature bounds and the lower bound of injectivity radius are independent of h. i.e. 
the necks have uniformly bounded geometry. By [AuJ, there exists a positive constant 
such that 

Sol^j u'-/^-'Ugj < j{\Vu\' + u')dg 

for all u G C^{S^ x h^'^R^). Notice that the scalar curvature of x h^'^R^ is the constant 
1. Hence 

/ r \ (n-2)/n ^ 

So i / n2"/("-2)^^ J < / (4|Vn|2 + Ru^)dg 

for all u S C^{S'^ x h^'^R^). But this Sobolev inequality is scaling invariant. Hence, for 
ah u G C^ih'^S'^ X i?i), inequality 1^ holds, proving the claim. 

Since u is a subsolution of (12. 1|) and A < by assumption, given any p > 1, it is easy to 
see that 

-AAyP + pRyP < Ipv'^ \nv. 

We select a smooth cut off function (j) supported in h^S'^ x [— /, ,/]. Writing w = and 
using w4''^ as a test function in the above inequality, we deduce 

4 j V{w(t?)Vwdg +p j R{w4>fdg <'^P j {w(l)flnvdg. 

Since the scalar curvature is positive, this shows 

4 j V{wcl?)Vwdg + j R{w4>fdg < '^P j {w(f>f In v'^dg, 

which induces, after integration by parts, 

{A\V{w4>)\'^ + R{w(t>f)dg < 4 j \V(t)\'^w'^dg + 2p J {w(t>)^ In v^dg. 

Applying ()3.2p on the left hand side, we deduce 

/ f \ (n-2)/n I- 

So i / (u'0)2"/("-2)^^\ < 4 / |V0|2-u;2(i5 + 2p / {w<l)flnv^dg. 

Now pick X G h^S^ x [-1 + 1,1- 1]. Then B{x,l) C h^S"^ x [-1 + 1,1- 1]. Now we 
choose (j) as suitable cut-off functions supported in B{x, 1). The rest of the proof of the 
lemma is the same as the proof of Lemma |2 . 1 1 after (j2.6p . with A there taken as 0. □ 
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The next lemma says that if f is a solution of (j2.ip in a very long round neck, whose 
L?' norm is less than 1, then v is exponentially small in the middle section of the neck. 

Lemma 3.2. There exists /iq G (0, 1] such that the following statement holds for all 
h G (0, /iq] • Let V he a smooth positive solution to the equation \2. 1\) in the round neck 
N = X [—/,/]. Suppose A < 0, Z > 2 and that ||w||l2(7v) ^ 1- Then there exist positive 
constants a and A, independent of h, such that 

[ v'^dg < Ae-"^ [ [ v^dg + [ v'^dg] 

and 

v{x) < ^e~"', X G h^S^ X [-1/2,1/2]. 

Proof. 

By the previous lemma, for x G h'^S'^ x [— / + 1, / — 1], we have a constant C such that 

v{x) < C. 

Note the scalar curvature R= Hence there exists ho G (0, 1] such that if /i G (0, ho] 

then 

R/2 - 21nt; > l/(2/ig) - 21nC > 0. 
Combining this with equation (j2.ip i.e. 

4At; - Rv + 2vhiv + Xv = {), 

we find that v satisfies the inequality 



(3.3) 



/\v--^v>{) in h'^S'^ x[-l + l,l -I]. 



Here we have used the assumption that A < 0. 

We pick a cut off function (p G Cq°{N), satisfying the following requirements. 



(x) = (/>(xi,X2,X3) 



0, 

a number in (0, 1) 
1, 



X3 G [-/,-/ + !] U [/ - 1,/], 

X3 G [-/ + 1,-Z + 2]U [/-2,/- 1] 

X3 G [-/ + 2,/-2]. 



We also require that | V(/)| < 4. Here we recall that 2:3 is the longitudinal component of the 
coordinate of the point x in the neck A^, as described in Definition 13. 11 See the figure below. 

N 



= 


0G (0,1) 


= 1 


0G (0,1) 


= 



EXTREMAL 19 

Let a be a positive number to be determined later. Using e°''^^~^^^^'^cjP'v as a test function 
on (j3.3p and performing integration by parts, we find that 
(3.4) 

ga(/-|a.3|)^2|y^|2^^_2 J e^^-^^'^^^cfN 4>V vdg - j e'*(^-l^3l)V(a(/-|x3|))V'i;z;(/)2d5 
= -Yi-Y2-Y^. 

We need to bound II2I and \Y^\. 
First we notice 



Therefore 



Next 



(3.5) \Y2\<\Yi+Aj e<^-\'''\\'^dg. 



2 J 2 
Choosing a < 1 and substituting this and ()3.5p into (|3.4p . we deduce 

J_ /■ eaa-|x3|)^2^2^^ < 4 /" ga(Z-|x3|)^2^^ ^ « /" ga(/- |x3 1) ^2^2^^_ 

^ilo ^ J suppV(j> 2 J 

Taking a = min{l, ^rrl; we arrive at 

(3.6) /" e'^('-|^3|)<^2^2^^ < fj^2^ j ga(Z-|x3|)^2^^_ 

./ J supp\'<fi 

Observe that when x G suppSJcj) we have 

< / - l^sl < 2. 

Also, when x e /i^S^ x [-2//3, 2//3], i.e. when -2^/3 < X3 < 2//3, we have 

^-k3|>V3, 0(x) = 1. 

Therefore (j3.6p implies 



/ v^dg<Chy^e-''^/^[[ v'^dg+ [ v^dg] 

A2S2x[-2«/3,2//3] J/i2S2x[-Z,-«+2] J/1252 x [«-2,«] 

which yields the desired integral bound, after adjusting the coefficients. The pointwise 
bound in the lemma is an immediate consequence the integral bound and Lemma |3. II □ 
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Let V again be a positive solution of (j2.ip in a very long round neck, whose norm 
is less than 1. The next lemma says that if v vanishes at one end of the neck, then v is 
exponentially small near that end. 

Lemma 3.3. There exists Hq G (0, 1] such that the following statement holds for all 
h € (0, /iq]. Let V be a smooth positive solution to the equation \2.1\) in the round neck 
N = h'^S^ X [0,/]. Suppose A < 0, / > 2 and that \\v\\i2(^j^-^ < 1. Suppose also v{x) = 
when X G h'^S'^ x {/}. i.e. v vanishes at the right end of the neck. Then there exist positive 
constants a and A, independent of h, such that 

,,2j„ / A„-al I „,2 



v^dg < Ae-"' / v^dg. 

h'2S^x[l/2,l] 7/1252 X [0,1] 

Proof. 

We extend v = v{x) to a function on the longer neck /i^5^ x [0, Z + 1] by assigning 
v{x) = when X3 > /. Since v{x) = when X3 = I, it is easy to see that the extended v 
is a subsolution to (f2ll) on x [0,/ + 1]. By Lemma \3A[ for x £ h'^S'^ x [1,/], there 

exists a constant C such that 

v{x) < C. 

Since the scalar curvature R = there exists /iq S (0, 1] such that if /i S (0, /iq] then 

R/2 -2\nv> l/{2hl) - 21nC > 0. 
Combining this with equation (j2.ip i.e. 

4Ai; - Rv + 2v\nv + \v = Q. 
we find that v satisfies the inequality 

(3.7) ^v-^v>Q in h^S'^x[l,l]. 

Here we have again used the assumption that A < 0. 

We pick a cut off function (j) G C^{N), satisfying |V(/)| < 4 and the following require- 
ments. 

'0, X3G[0,1], 
(/)(x) = (/)(xi, X2, xs) = < a number in (0,1), X3G[1,2] 

^1, X3G[2,/]. 

Let a be a positive number to be determined later. Using e^^^cfP'v as a test function on 
(|3.7|) and performing integration by parts, we find that 



Shi 



(3.8) 



j e''''3 02|y^|2^^ _2 j e''''H(l)V(INvdg - j e'''"'V{ax3)Vvv(l)'^dg 



= -Yi-Y2-Ys. 



Note that boundary terms vanish since t; = at the right end of the neck and = at 
the left end. Let us bound \Y2\ and \ Ys\. 
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First we notice 

\Y2\<2 I e''''''v(t>\V(f)Vv\dg 



Therefore 

(3.9) \Y2\ <^Yi + 4 I e^'^'^v^dg. 



Next 



\Y^\ < a / e''^''\Vv\v(l?dg 
a 



< 

- 2 



Choosing a < 1 and substituting this and (13. 9p into (13. 8j) . we deduce 



J J suppVcj) ^ - 

Taking a = min{l, gp-}, we arrive at 

(3.10) / e''''--'(t)'^v^dg < Chi j e"""-' v'^ dg . 

Observe that when x G suppSJ(j) we have 

< X3 < 1. 

Also, when x G h?S'^ x [1/2,1], we have 

X3 > //2, </>(x) = 1. 

Therefore (j3.10p imphes 

/ v^dg < Chye^'^'/^ [ v'dg, 

Jh2S^x[l/2,l] Jh2S^x[0,l] 
proving the lemma. □ 

The following lemma is similar to Lemma 12.41 The difference is that we are comparing 
the infimum of the Log Sobolev functionals on two different domains in this lemma. The 
proof is almost identical. 

Lemma 3.4. Let E and F he two domains ofM. such that E C F and that E is compact. 
Let V G Wq^'^(F), ||'y||i,2(^) = 1 be an extremal of X{F) so that it is a smooth positive 
solution of the equation 

4Av - Rv + 2v\nv + X{F)v = 0. 
For any smooth cut-off function rj such that r]v G C^{E) and < r] < 1, it holds 

J v'^\Vri\'^dg J{vrff'h\rfdg 



\{E) < A(F) +4^ 



/ {vriYdg f {vr]Ydg 
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Proof. 

Since ryf /||r/?;||2 G C^{E) and its norm is 1, we have, by definition, 
\{E) < I 

This impUes 



^—r. TTt 1- Ht. TTn — T. TTo in 



Vv\\l \\vv\\l \\vv\\l \\vv\\l 



2 ; 

dg. 



(3.11) A(£;)||r/v||^ < y [4\V{r]v)\'^ + R{r]vf - {r]vfln{r]vf]dg +\\7]v\\l In \\7]v\\l. 

On the other hand, f is a smooth positive solution of the equation 

4Av - Rv + 2vlnv + X{F)v = 0. 
Using rj'^v as a test function for the equation, we find 

A(F) j {r]vfdg = -4 j {J\v)rfvdg + J R{r]vfdg-2 J {rjvflnvdg. 

Using integration by parts, we deduce 

-4 j {/\v)rfvdg = A j \V {r]v)\^ dg - A j v^\Vr]\^dg. 

Hence 

(3.12) \{F) j {r]vfdg = 'i J \V {r]v)\'^ dg - 4 J v'^\Vr]\'^dg+ j R{r]vfdg-2 J {7]vflnvdg. 
Comparing (|3.12p with (j3.1ip and noting that ||??t'||2 < 1, we obtain 

X{E)\\riv\\l < X{F)\\riv\\l + 4 J \Vr]\^v^dg - j {rivf In rj^dg. 

□ 

The following lemma says that if a domain E contains a round neck of length / and F is 
the extension of E, which is obtained by pasting a segment of the round neck with length 
1, then \X{E) — X{F)\ is exponentially small. 

Lemma 3.5. Let E cM be a compact domain such that 

E = XqU N{hJ) 

which is the connected, non- overlapping union of a domain Xq with the round neck N{h, I) = 
h^S^ X [0,/]. Let 

F = XoU N{h,l + 1) 

which is the connected, non- overlapping union of Xq with the round neck N{h, / + 1) = 
h^S"^ X [0, / + 1]. There is /iq S [0, 1] and Iq > such that for all h G [0, /iq] and I > Iq, the 
following statement holds: 

Lf X{E) < 0, then there exist positive numbers a and A such that 

A(F) > X{E)-Ae-''^. 

Proof. 
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First let us see the figure depicting E and F below. 



23 



E = XoLI N{h, I) 




F = XoUN{h,l + l) 





N{h,l) 




' .N{h,l + 1 





Pick a smooth cut off function rj such that \Vr]\ < 4 and that 

'O, X eh^S'^ X [1,1 + 1] 

a number in (0, 1), x G x [/ — 1, /] 

1, xeF-ih^S"^ x[l-l,l + l]). 



T] = T]{x) = < 



Let V be an extremal for X{F), which exists since F is compact. Then rjv € C^{E). By 
Lemma 13.41 we have 



(3.13) 

Observe that 



\{E) < A(F) +4 



f {vrj^dg f {v7]Ydg 

{vrjfdg = / v^dg - I v'^{l - rf)dg > 1 



v^dg. 



/l2S2x[«-l,«+l] 

Using Lemma 13.31 on h'^S'^ x [0, / + 1], we infer, for some positive numbers a and A, that 



/ 

Jh 



v'^dg < Ae-^K 



Hence 



Also notice that 



and 



h2S'2x[«-l,/+l] 

j {vvfdg > I- Ae-^K 



/ v'^\V'q\'^dg < 16 / v'^dg < lQAe~''\ 

J Jh'2S^x[l-l,l] 



{vr]f \nrf'dg\ < e"^ / v^dg < Ae~'^K 

Jh^S^x[l-i,l] 

Substituting the last three inequalities into (j3.13p . we deduce 

Ap-a.1 

X{E)<X{F) + C-^-j^. 

Therefore, there exists /q > such that for all I > lo, we have 

X{E) < X{F) + Ae-'^' 
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for some constant A > 0, whose value may have been adjusted from the last hne. □ 

The fohowing lemma says that the infimum of the Log Sobolev functional on a flat tube 
goes to — oo when the cross section of the tube goes to 0. 

Lemma 3.6. Let H = H{h,0, 1) = h?{S^ x S"^) x [0, 1] he a flat tube given in Definition 
rOl Then X{H{h, 0, 1)) -oo when h ^ 0. 



Proof. 

Given x £ H{h,0, 1), let {xi,X2,xs) be its coordinate described in Definition 13. li Con- 
sider the one variable function 



V = V{X3) 

We compute 



4^X3, X3G [0,1/4], 

Wfe' [1/4,3/4], 
^^[l-4(x3-3/4)], X3G [3/4,1]. 



/" /"^ 3 r^^^ 1 

/ v'^dg = 4TT^h^ i;2(ix3 = ^-^47r2/i2(2 / 16x^^x3 + -) = 1, 

JHihftA) Jo Svr^^ Jo 2 



/■I 3 /■1/4 

iVvl'^dg = 47r2/i2 / Id^ vl'^dxs = -^r-^A-K'^h^i2 / 16^x3) = 12 
Jo Svr^/i^ 7o 



H{h,0,l) 



v^\nv^dg = 'ii^'^h? i v^lnv^dx^ 



H{h,o,i) Jo 

o f-l/A o f3/A o 

O ,9i9r^/ -.^9-1/ *-* -.^9\T / -1/ *-* 



87r2/i2 
3 



f ' 3 f ' 3 

4^2/i2[2 I6x2ln(^--2^16xi)dx3 + J^^^ H-^:;^)dx3] 



In + c 
4 

where c is a constant independent of h. 

Since the scalar curvature is zero, these computation imply 

X{H{h,0,l)) < [ {4\Vv\'^ -v^lnv^)dg = ^lnh^ + c. 
JH{h,o,i) 4 

This shows X{H{h, 0, 1)) — > —00 when /i — ^ 0. □ 
Now we are ready to give 

Proof of Theorem [HT] (b). 

As mentioned earlier we will construct a noncompact manifold with bounded geometry 
such that the Log Sobolev functional does not have an extremal. The manifold is a 
connected sum of infinitely many components connected by increasingly long round necks. 
Each of the component shapes like a hand bag. The handle of a hand bag is a flat tube of 
certain thickness. By pinching the handle, we can control precisely the difference between 
the infimums of the Log Sobolev functional on two adjacent hand bags. The long round 
necks serve the following purpose: when two hand bags are joined, the change in the 
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infimum of the Log Sobolev functional happens in a controlled way. In the next few steps 
we will construct the components inductively in detail. 

Step 1. constructing the central component JIq- See the figure at the end of the step. 

Step 1.1. We start with the standard 3 sphere with three small balls cut out. To be 
more precise, let 

D = - (5i U ^2 U S3) 

where is the standard 3 sphere and Bi = B{mi,r), i = 1,2, 3, are geodesic balls on 
with radius r > 0. We take nii, the center of the ball Bi at the north pole of S^; X2, the 
center of the ball B2 at the "left end" of the equator; and X3, the center of the ball -63 
at the "right end" of the equator. The radius r is so chosen that dBi, i = 1,2,3, is h^S"^, 
the standard 2 sphere with radius h. The radius /i G (0,1 /4] is made sufficiently small so 
that the following conditions hold: 

(1) Lemmas 13.21 and 13.51 hold: 

(2) A(/i2(S'^ X S^) X [-2,2])) < 0. That is the infimum of the Log Sobolev functional 
for the flat tube is negative. 

By Lemma |3.6| condition (2) can always be satisfied when h is small enough. 
Once chosen, this h will be fixed through out the proof. 

Step 1.2. Attach a long round neck h?S'^ x [0,/] to D along dB2 and dB^ respectively. 
Here / > is a large number given by 

(3.14) / = max{/o, - \n{l{)mAe^'' /a^), - Iniim^e^" A) , 2}. 

a a 

Here lQ,a,A are the numbers in Lemmas 13. 2| 13.31 and 13. 5[ By taking this value for I, all 
these three lemmas hold and 

(3.15) 20yLe^"e-"('+^) < | , A: = 0, 1, 2, 3, .... 

This inequality, to be used shortly in the end of the proof, can be verified easily by finding 
the maximum of (1 + k'^)e~°'^. 

Let h'^{S^ X S^) X = h'^{S^ x S^) x [—tt,tt] be a flat 3 torus, which is regarded as a 
flat tube given in Deflnition 13.11 Consider 

E = h^{S^ X S^) X [-^,7r] -B4. 

Here B^ = B{m4,h) is the geodesic ball of radius h centered at 7714 whose coordinate is 
(0, 0, vr). i.e. 7714 is at the bottom of the flat tube. Note h is less than the injectivity radius 
of the flat torus, which is vr/i. Therefore we know B4 is isometric to the Euclidean ball of 
radius h. Hence dB^ = h?S'^. 

Now we join D with S by a short round neck h?'S'^ x [0, 1] by pasting h?'S'^ x {0} with 
dBi, and pasting h?S'^ x {0} with dB^. 

Step 1.3. The metric near the pasted boundaries are smoothed out to satisfy the 
following conditions. 

(1) only the original metric on D near a small neighborhood of dBi, i = 1,2,3, are 
perturbed, so that the metric on the attached long round necks stay the same. 
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(2) only the metric in a small neighborhood of dB^ is perturbed so that the metric on 
h'^{S^ X S^) X [—2, 2], which is the top portion of the flat tube, stays intact. 

Note the smoothing process is a standard procedure in geometry when one constructs 
connected sums of two manifolds. 

The resulting manifold with boundary is called with metric ^o- By condition (2) in 
Step 1.1, we have 

(3.16) A(0o, go) < X{h\S^ x S^) x [-2, 2])) < 0. 

For clarity, we write 



(3.17) 



no = ZoUXUHUYo. 



Here Zq is the round neck at the left, which is h^S"^ x [0,/]; Yq is the round neck at the 
right, which is h^S"^ x [0, 1] again. In order to distinguish the two, we use z to denote points 
in Zq, and use y to denote points in Iq. _ff denotes the top portion of the flat tube where 
the third variable of the coordinates is in the interval [-2,2]. i.e. h'^{S^ x S^) x [-2,2]. 
We will use the following global coordinate to denote the topological H in the rest of the 
proof. 



(3.18) 



i7=[-7r,7r]2x [-2,2]. 



The metric go on H is just h'^gsixs^ 9r^- The region X is defined to be 



X = a 







ZqUHUYc 



0) 



We call X the core of rig- The manifold {X,go) will serve as the core for all the rest of 
the components Q^. 



The shape of Qq is illustrated here. 




Yo 



length / \^ y length I 

Step 2. constructing the next component Vti with metric gi such that 

(3.19) A(J^i,5i) = A(J^o,5o)-l- 



Step 2.1. Attach the round neck /i^S'^ x [0, 1] to the left end of fio; forming the round 

neck h^S"^ x [0,Z + 1] on the left side, which we call Zi. Then attach the round neck 
h'^S'^ X [0, 1] to the right end of Q.q, forming the round neck hP'S'^ x [0, i + 1] on the right 
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side, which we call Yi. The resulting domain is called fli with inherited metric called gi. 
For convenience we write 

ni = ZiUXUHUYi. 

Note gi is already a smooth metric. In fact gi is the same as go on X and H, and it is 
just the product metric on h'^gg^ x gj^i on Zi and Yi. But it is not the desired one yet. 



Step 2.2. Modify gi to a new metric gi so that (j3.19p holds. This modification only 
happens on H, the top portion of the flat tube. More precisely, this is done by pinching 
the top portion of the flat tube. Here are the details. 

Recall that the top portion of $7i is the flat tube H = [— 7r,7r]^ x [—2,2]. Let be a 
smooth function on f^i, satisfying 



e{x) 



1, 

a number in (1/2, 1), 
1/2, 

a number in (1/2, 1), 



X - H 

X £ H, X e [-7r,7r]2 X [-2, -1] 
xeH, X e [-7r,7r]2 X [-1, 1] 
X £ H, X £ [-vr,7r]^ x [1,2]. 



See the figure below. 




Now consider the metrics on 



g^f\x) 



gi{x), X £ ^li — H 

[9P{x)h'^gsiy,sA^ 9m, xeH. 



We claim that there exists a number pi > so that 

(3.20) A(17i,5?^^) = A(f)o,5o)-l. 

Here is the proof. Regarding (rJoiS'o) ^is a domain in {0,i,gi) and applying Lemma [37 
twice, we know that 

A(f^i,^i) > A(f)o,5o)-2yle-''' 
for constants a,A>0. By (|3.15|) with k = 0, this leads to 

K^i,9i) > K^o,9o) - 1. 

Taking p > as a variable, the metrics g^^ evolves smoothly with p. Lemma 12.51 shows 
that \{Qi,g^'^) is a continuous function of p. Observe that 

X{ni,gf^) = X{ni,gi)>X{ni,gi)-l 
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since g^^ = gi. By the construction of gf\ for x ^ H such that X3 G [—1,1], 



g[^\x) 



551x51 ) X 5'i?i- 



By Lemma 13.61 we know that 



X{nug?) < K^h\S' X S') X [-1,1]) ^ -00, p^oo. 



By mean value theorem, there exists a number p = pi > so that (j3.20p holds, proving the 

claim. This metric gi'^^ is the desired metric gi for satisfying (13.190 . This completes 
the construction of the component (ili, (71), whose composition is being summarized here 
for clarity. 

(3.21) ni = ZiUXUHUYi. 

where 

the round metric h gg2 x gj^i, on Zi U Yi 
go, on X 

(0Pi/i2c,5ix5i) X 5^1, on H. 
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The shape of is depicted here. 




Y 



length / + 1 ^ length / + 1 

Proceeding inductively, suppose we have constructed 
(3.22) = ZkUXUHUYk 

where 

the round metric h gg2 x gj^i , 
50, 

^{QP^h^gsiy^s^) X 5fli, 
and Zfc and Yfc are round necks of length I + k. Now we move to 

Step 3. constructing the component ilk+i so that 



9k 



on Zk U Yk 
on X 
on H, 



(3.23) 



A(riA:+l, 5A:+i) = X{^k,9k) 



1 



A;2 + r 

This is similar to Step 2, with some modification of parameters. 
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Step 3.1. Attach the round neck h^S"^ x [0, 1] to the left end of VL^, forming the round 
neck h^S"^ x [0, / + /c + 1] on the left side, which we call Z^j^i. Then attach the round neck 
h?S'^ X [0, 1] to the right end of Q^., forming the round neck x [0, Z + A; + 1] on the 
right side, which we call Ifc+i- The resulting domain is called ^k+i with inherited metric 
called Qk+i- i-e. 



and 



^k+i = Zk+i\JXUHUYk+i. 

the round metric h?gs'^ x (7^1 , on Z^+i U Ifc+i 

50, on X 

^{QP^h'^gsi^s^) ^ 9m, on H. 



Step 3.2. Modify Qk+i to a new metric gu+i so that (|3.23p holds. 

This is again done by pinching H, the top portion of the flat tube. Here are the details. 
Let 9 be the smooth function as in Step 2. Now consider the metrics on Q-k+i'- 

(p) ( \ - jdk+iix), X G Qk+i - H 

We claim that there exists a number pk+i > so that 
(3.24) A(fifc4-i,5i+r^) = mk,9k) - 

Here is the proof. Regarding {^lk,9k) as a domain in {^k+i,9k+i) and applying Lemma 
13.51 twice, we know that 

x{nk+i,h+i) > x{nk,gk) - 2^e-'^('+'=) 

for constants a, A > 0. Note the length of and Yj. are k + I, which explains the 
appearance of the exponential term e~'^('+'^). By (j3.15p . this leads to 

X{^k+i,gk+i) > X{Qk,9k) - ■pqry- 

Taking p > as a variable, the metrics g^^i evolves smoothly with p. Lemma [2.51 shows 
that X{Qk+i, 9^+1) is a continuous function of p. Observe that 

A(f^fe+i,fi'i+i) = A(J]fc+i,5fc+i) > K^k,9k) 



A;2 + 1 



since g^_^i = gk+i- By the construction of g^f^li, ioi x £ H such that X3 G [—1,1], 

1 . 
2P 



9kli{x) = ^h'^gs^xs^ X gm- 

From Lemma 13.61 we know that 

mk+i,g'i!'li) < H^h\s' X X [-1, 1]) ^ -00, p^ 00. 

By mean value theorem, there exists a number p = Pk+i > Pk so that ()3.24p holds, proving 
the claim. This metric g^^_^i^^ is the desired metric gt+i for ilfc+i, satisfying (I3.23p . This 
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completes the construction of the component (fife+i, S'fe+i), finishing the induction. To 
summarize, 

(3.25) nk+i = Zk+iUXUHUYk+i. 

and 

{the round metric h^gs'^ x gn}, on ^fc+i U l^+i 
50, on X 

{eP^+^h^gs^,,s^) xgm, on H. 

The shape of ^k+i is depicted here. 

[H, gk+i) 




length l + k + t 



length l + k + \ 



Step 4- pasting together the components to form the manifold M. See the figure at the 
end of the step. 



In the last step, we have constructed the manifolds (Jlk^gk) for k = 0,1,2,3,.... Now 
we define, 

{n_k,g-k) = i^k,gk), k = i,2,.... 

Finally, we take 

(3.26) M = U^=_^nk 

which is the connected, non-overlapping union of Qk, for all integers k in the following 
pattern. We connect ilk with 0,k+i by pasting the right end of Yk with left end of Zk+i- 
Here k = ...,—2,-1,0,1,2,.... The metric on M, which is inherited from gk, is denoted 
by g- 

It is clear that M is a complete, connected manifold. Now let us prove M has bounded 
geometry. Note that except for the top portions of fifc, which is denoted by H, the 
manifold M is consisted of round necks or flat tubes of fixed aperture. Hence we just 
need to prove that (H, g) has bounded geometry. The metric 51 on C is given by 
{ePk{x)h^gsiy,s^) X where e{x) = 1/2 when G [-1, 1] and 1/2 < 6* < 1. Write 



Recall by construction that 

Ao 

which implies 



\k = \{^k,g), fe = 0,1,2,.. 



^1=1^2 =^k<0, = 1,2,..., 



A {{l/2)P'^h'^iS^ X S^) X [-1, 1]) > Afe > Ao - 10. 
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If {pk} is unbounded, then by Lemma \3.6\ the left hand side of the above inequaUty tends 
to — oo when k — )• oo, which leads to a contradiction. Hence {pk} is a bounded sequence 
of positive numbers. Since is a smooth bounded function, we know 9^'= has uniformly 
bounded C°° norm. Therefore we have proven that M has bounded geometry everywhere. 
The shape of M is depicted here. 

{H, gk) 



Zk 




k+l 



Yk 



^k+l 




Yk, 



Step 5. proving that the Log Sobolev functional on M does not have an extremal. 

We use the method of contradiction. Suppose that a smooth function v, \\v\\l2(j^^-^ = 1, 
is an extremal for the Log Sobolev functional whose infimum is A = X(Wl,g). Then 

X = [ {ilVvl"^ + Rv^ -v^ In v^)dg 
Jm 

and V is a smooth solution to equation ()2.ip i.e. 

AAv - Rv + 2vlnv + Xv = 0. 

Let us recall that 

nk = ZkUXUHUYk, 

where Zk = h^S"^ x [0, / + k] and Yk = h?'S'^ x [0, Z + k] are round necks on the left and right 
side of the core X respectively. In order to distinguish these two necks, we use z to denote 
points in Zk with a coordinate z = (zi,Z2, z^) described in Definition l3.lt and likewise we 
use y to denote points in Yk with a coordinate y = (yi,y2,?/3) described in Definition 13. 1[ 
These two coordinates are regarded as independent ones. 

For each k = 1,2, we construct a cut-off function rjk £ ^o^'°°(^^fc) as follows. 



Vk{z) 


= Z3, 


z € Zk, < Z3 < 1, 


Vk{z) 


= 1, 


z ^ Zk, 1 < z:i < I + k. 


Vk{x) 


= 1, 


X e XUH, 


Vk{y) 


= 1, 


y(^Yk, 0<y3<l + k-l, 




= l-(y^-l-k + l). 


yeYk, l + k-l<y3<l + k 



The following figure depicts the definition of r]k- 
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Zk 




kl 



% < 1 



Since v solves ()2.ip , we can apply Lemma 13.41 by taking E = 0,^ ^ind F = M. there to 



Afc / {vrjkfdg < X {vrikfdg + i / v'^\Vr]k\'^dg - / {vr^kflnrjldg. 



get 



Here = X{dkj9k)- Observe that |Vr/fc| < 1 and that the function (?7fc)^lnr/^, which is 
nonzero only in the support of V??^, is bounded from below by —e~^. Therefore 



(3.28) 



Afc / {vrikfdg < A / {vrjkfdg + b I v^dg. 



By definition of r/^, suppSJrjk is the disjoint union of two short round necks, i.e. 

(3.29) suppVrik = Zki U Yki 
where 

Zki = G ^fc |0 < Z3 < 1}, Yki = {y (^Yk\l + k - I <y:i<l + k}. 
Hence (|3.28p implies 

(3.30) /^„,„_\2^„ / r: / „,2^„ , r. I „.2.,„_k I „,2, 



(Afc - A) / (t;%) dg <5 I v'^dg + 5 1 v^'dg = 5 1 v^dg. 



Next we prove that the right hand side of ()3.30p is exponentially small. Observe that 
Zif.1 is a middle segment of U Zf^., which is, when writing in one coordinate, a round 
neck of the form h'^S'^ x [0, 21 + 2k — 1]. The segments 

= {y e n_i|0 < < 2} and Ek = {z e Zk\k + 1 - 2 < < k + 1} 

are at the left and right end of the round neck respectively. See the figure below. 



Yk-i U Zk 







Zki 


Zk 


Ek 
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By Lemma 13.21 we have 

JZki J{: 



v^dg + 



v^dg 



_ '{t/eyfe_i|0<y3<2} J {z(iZk\k+l-2<zs<k+l} 

Note from (fSTTTl) that 

r)k-i = 1 in Wk-i = {y G Ife-ilO < ys < 2} C Yfe-i C Jlfe_i, 
r]k = 1 in -Efc = {-2 G ■^fcl^ + ^ — 1 < -^3 < ^ + ^fc ^fc- 

Hence 

(3.31) / < ^e-'^C+'^-i) / {r,u-ivfdg+j {r,uvfdg 

Similarly, we see that Yki is a middle segment of Yfc U Z^+i, which is, when writing 
one coordinate, a round neck of the form h^S"^ x [0, 21 + 2k + V\. The segments 

Wk = {y(^Yk\Q<yz<2} and Efc+i = {z G Z^+i] A: + / - 1 < ^3 < ^ + ^ + 1} 
are the left and right end of the round neck. See the figure below. 



Yk U Zfc_|_i 



Wk 


Yk 


Yki 


Zk+i 


Ek+i 













By Lemma |3.2| we have 
v^dg < Ae-''('+^') 



'Yki 

Note that 



v'^dg + / v'^dg 

{yeyfc|o<s/3<2} J{zeZk+i\k+i-i<zs<k+i+i} 



r]k = l in Wk = {y£ Yk\0 < ys < 2} C Yk C 



and 



r]k+i = 1 in £'fc+i = {z e Zk+i\k + l- l<Z3<k + l + l}c Zk+i C ^k+i- 



Hence 

(3.32) / 1.2^5 < ^e-''('+'=) / {rikvfdg+ j {m+ivfdg 

By this, and ([3:29]) . we obtain 



supp\7r]k 



{rik-iv) dg + 2 {r]kv) dg + (m+iv) dg 

flk~l J^k J^k + l 
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where k = 1,2,3,.... Recall that {Q-k: 9-k) = i^k:9k) be definition. Therefore, we can 
derive, in a similar manner, 



/ 

where k = 0, —1, —2, —3, .... Adding the last two inequalities together, we deduce 



(rjk-ivfdg + 2 {vkvfdg + / (rjk+ivfdg 



v'^dg 



m-oc I v'dg = ^r=-oo [ v'dg + [ 

By (|3.30p . this implies 

^T=-oo{>^k - A - 20Ae2"e-'^('+'=)) J {vmfdg < 0. 
Recall, by construction, 

Afc — A > Afc — Afc+i = k = 1,2, 3, ... 

and 

Afc — A > Ajfc — Ayfc_i = -p-^py) k = —1, —2, —3, 

and 

Aq — A > Aq — Ai = 1. 

So finally we deduce 

This is a contradiction because — 20^e^"e~"('"'"l'^l'* > by our choice of / in (|3.15p . 
Therefore no extremal for the Log Sobolev functional exists. □ 

4. W ENTROPY AND A NO BREATHER RESULT FOR NONCOMPACT RiCCI FLOW 

In this section we discuss some applications of Theorem 11.11 to Perelman's W entropy 
and Hamilton's Ricci flow. We will use the following notations, g = g{t) is a metric which 
evolves with time; d{x, y, t) or d{x, y, g{t)) will denote the corresponding distance function; 
dg{t) denotes the volume element under g{t); We will still use V, A the corresponding 
gradient and Laplace-Beltrami operator, when no confusion arises. 

The following definition is one of several equivalent ways in which Perelman's W entropy 
can be written. 

Definition 4.1. (W entropy) Let v £ W^''^(WL) and t > be a parameter. The W entropy 
is the quantity 



(4.1) W{g,v,T)= \T{A\Vvf +Rv^)-v'^lnv^ -^{InATTT) v'^ -nv' 
Jm L 2 



dg. 
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Let c > be a positive constant, it is clear that the W entropy has the following scaling 
invariant property 

W{cg,c-''''^v,cT) = W{g,v,T). 
Hence we can always take r = 1 if necessary. If r = 1 and ||t'||L2(]y[) = 1, then 



(4.2) 



W{g,v,l)= [ [{4\Vv\'^ + Rv'^) -v^ In v'^]dg -'^ (In in) 



n 



Tl 

L{v,g) - -(ln47r) - n. 



Here L{v,g) is the Log Sobolev functional given in (jl.ip . Therefore, the W entropy and 
the Log Sobolev functional differ only by a normalizing constant after scaling. 
Perelman also introduced the so called fj, invariant. 

Definition 4.2. Given a noncompact manifold (M.,g) and parameter t > 0, the fi invari- 
ant is the quantity 

fi{g,T) =mf{W{g,v,T)\v e C^{M), |b||L2(M)=i}. 

In view of Definition 11.11 we introduce fi invariant near infinity. 

Definition 4.3. Given a noncompact manifold (M, g) and parameter r > 0, the fi invari- 
ant at infinity is the quantity 

,r) = lim inf{ / T{4\Vvf-\-Rv'^)-v'^lnv'^--{lnA7rT)v'^-nv'^ dg\ 

JM-B(0,r) L 2 J 

V £C^{M-B{0,r)), |b||L2(M-iJ(0,r))=l}- 

Since the W entropy and the Log Sobolev functional differ only by a constant after 
scaling, Theorem 1 1 . 1 1 can be immediately transplanted as 

Theorem 4.1. (a). Let M be a complete, connected noncompact manifold with bounded 
geometry, and r > be a parameter. Suppose /i(M,r) < Aoo(M,r), then there exists a 
smooth extremal v for the W entropy Also, there exist positive constants a,A>0 

and a point G M such that 

v{x) < Ae-"'^'(^'°). 

(b). There exists a complete, connected noncompact manifold with bounded geometry 
such that ;u(M,r) < Aoo(M, r), but the W entropy does not have an extremal. 

In the rest of the section, we describe two more applications of this theorem. The 
first one is an extension of Perelman's monotonicity formula for the W entropy from the 
compact case to some noncompact ones. 

Let us briefly recall Perelman's monotonicity formula. Consider the final value problem 
of the conjugate heat equation coupled with the Ricci flow (M, g{t)) on a compact manifold 
M and on the time interval [ti,t2]- 

' Au- Ru + ut = 0, te[ti,t2] 

u{x,t2) = U2 

dtg{t) = -2Ric, te{tiM- 

Here A is the Laplace-Beltrami operator with respect to the metric g{t)] R and Ric are 
the scalar curvature and Ricci curvature with respect to g{t)\ and U2 = U2{x) is a smooth 



(4.3) 
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function such that ||^*2||Li(M,g(t2)) ~ 1- definition of the W entropy, we take r = L—t 

and v{-,t) = u{-,t). Perelman ([P] section 3) proved that 



(4.4) 



di 



Wigit),vi-,t),L-t) = 2T 



M 



Ric — Hess In u 



2t^ 



u dg{t). 



If M is noncompact, then the above formula needs certain justification. One reason is 
that the term Hesslnu may grow to infinity and hence the integral may diverge. Con- 
sequently, certain extra decay conditions are needed on u and Hesslnu. When u is the 
fundamental solution of the conjugate heat equation, a noncompact version of the above 
formula has been carefully established in |CCGGIIKLLN3] Chapters 19, 20, 21 and the 
paper |CTY| . They employed a number of technical tools such as Log gradient bounds 
for positive solutions of (j4.3p and pointwise bounds on the fundamental solution of (|4.3p . 
With the help of these tools and the decay estimate of extremals of the W entropy, we 
extend (j4.4p to a noncompact case where the final value U2 is the square of an extremal of 
the W entropy. The point of the following corollary is that once an extremal exists, then 
no other decay conditions are needed. 

Corollary 4.1. Let (M.,g{t)) be a Ricci flow which has bounded geometry in the finite 
time interval [^1,^2]- Assume also that the 4-th order derivatives of the curvature tensor 
are uniformly bounded in M x [^1,^2]- Let t = L — t with L > t2 be a parameter. Suppose 
the W entropy W{g{t2),v,T — t2) has an extremal V2. Let u be the solution of the final 
value problem of the conjugate heat equation: 



Au — Ru + ut = 
u{x,t2) = V2 
[dtg{t) = -2Ric, 



. t£[ti,t2] 

t e [ti,t2]. 



Let V = v{x,t) = y^u{x,t). Then, for all t G [^1,^2]; the W entropy W{g{t),v,T — t) is 
well defined. Moreover 



d_ 

dt 



Wig{t),v,L-t) = 2T [ 
Jm 



Ric — Hess Inu q 

2t 



u dg{t). 



Proof. 



The task is to show that relevant integrands has quadratic exponential decay at infinity. 
After this, the proof is the same as Perelman's in the compact case. 

Step 1. First we show that there exist positive constants Ai,ai and a point G M such 
that 



(4.5) 



u{x,t) < ^^e-"!'^'^^'^'*). 



This bound follows from the decay of the extremal V2 in Theorem 14. II (a) and the following 
bounds on G = G{x, t; y, ^2), the fundamental solution of the conjugate heat equation (14. 3p . 
Observe that the Ricci flow has bounded geometry in the finite time interval [ii, t2]- Hence 
the distance functions d{x,0,t) are equivalent when t G [^1,^2]- The same can be said for 
volumes \B{x,r,t)\g^t)- By |CCGGIIKLLN3] Chapters 19 or [CTY] Section 5, there are 
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the bounds: 

G{x,t;y,t2)> , e ^fe-*) , 

a^J\B{x,y/t2 -t, t)\g(^t)\J\B{y, \/t2 - t,t)\g(t) 

G{x,t-y,t2) < e 

where the constants a and /3 depend on M, ti and t2- These bounds can be regarded as 
generahzation of the bounds in [LYj for the heat equation under fixed metrics. By the 
assumption of bounded geometry and classical volume comparison theorem, there exist 
positive constants c, ci and C2 such that 

ci min{l, {t2 - < \B{x, ^V^, *)!,(*) < c{t2 - tr'\'^^\ 

ci min{l, {t2 - tr'^} < \B{y, Vh^t, t)\g^t) < c{t2 - tr^^e'^^', 
Hence we have the bounds: for t G [^1,^2] and x,y €z M, 

where the constant a = a(M,ti,t2) niay have changed from its previous value. Therefore, 

f fa q d^{x,y,t) 

u{x,t)= / G{x,t;y,t2)u{y,t2)dg{t2) < / —j^e (*2-t) ^(^,^2)^5(^2) 

By Theorem 14.11 (a) (in fact Lemma 12.31 is sufficient), there exist positive constants 
a, ^4 > such that 

(4.7) u{x, t2) = vl{x) < 2^e-2»'^'(^'°'*2). 
The last two inequalities imply 

(4.8) u{x,t)<2aA[ \, e-^%^e-^°'^'fa'°'*^)dg(t2). 
By triangle inequality, there exist ai > such that 

-/3 ' - 2ad\y, 0, 12) < -aid\x, 0, ^2) - /3 / ■ 

[12 — t) Z[t2 — t) 

Here we used the fact that distances at different time levels are comparable again. Hence 

\ . .-^%^e-^"'^^fa-°'*^)dg(t2) 

M(t2-t)"/2 

Jm [h - tr'^ 

^g-aid2(,,o,t2)p^^^ f \^e-^^W^dg{t2) 

J2^-^^/t^<d{x,y,t)<2f=^/t^ (*2 " *)"' 

+ / 77 Tw^e-''^(^d5(t2)]. 

Jd{x,y,t)<Vt^ (*2 - t)"/^ 
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Since M has bounded geometry, the classical volume comparison theorem tells us 

\Bix,2>'Vh^t,t)\g^t,) < Ce''"^\t2 - trl\ 

Here we just used the fact that volume elements at different time levels in [ti,t2] are 
equivalent. Hence 

1 q 'i'^{x,y,t) 



which shows 

(4.9) f ^— re"'''^(^e-2'^'^'(^'°'*2)(ig(t2) < C7e~»i^'(^-'0^ 

Jm [t2 - tY'^ 

where C depends on t2 — h. Substituting this to ()4.8p . we deduce 
This proves the bound in (j4.5p . 



Step 2. We prove that the integrand in the W entropy has quadratic exponential decay. 
For convenience, we denote the integrand in the W entropy as 

iVnP „ , , n. 



(4.10) i{u) =i{u){x,t) = 



+ Ru) — u\nu ln(47rT)u — nu 



{x,t). 



u ' 2 

Here we have used the relation that u = on (14. ip . We now prove that there exist 
positive constants A\ and a\ such that 

(4.11) \i{u){x,l)\ < ^^e-'^i'^'(^'°'*). 

By the bound (|4.5p . we know that the term ulnti satisfies 

|nlnu| = ^/^^/^\ lnu\ < < Aie-''i'^'(^'°'*), 

whence it also has quadratic exponential decay. Here the values of Ai and ai may have 

changed. So it suffices to prove that the term ^^"^ has the decay too. 

To this end, we recall by direct computation (see Proposition 6.1.2 in [ZJ e.g.) that 

u 

- (uij - + 2VRVu + -Ric{Vu,Vu) + 2\Ric\'^u + 2VRVu + 2uAR. 



u \ u / u 

Here H* = A — R + dt is the conjugate heat operator. Thus 

ij*(L^ + Ru) > -i^i(|Vu| + \u\ + ^-^), 
u u 

where the constant Ki{> 0) depends on the supremum of |Vi?|, \AR\ and the lower 

bound of Ric. Since \Vu\ < ^^^^ — h u, we deduce 

(4.12) H*{^^^+Ru)>-Ki{^—^+Ru)-K2U, 

u u 
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where K2 depends on Ki, the supremum of \R\ and u. We mention that ah the curvatures 
involved here are bounded according to our assumption on the Ricci flow. 

At time t2, u{x,t2) = ^2- Hence ^-^^ — h Ru = 4|Vw2p + Notice that V2 satisfies 
the equation for extremals: for r = L — t2, 



n 



t{4Av2 — RV2) + 2v2 lnt>2 + — ln(47rr)u2 + nv2 + /if 2 = 



By Lemma l2. II part (b), we have 

sup |Vt;2p < C 

B(x,l/2,t2) 



B(x,l,t2) 



where the last inequality is due to the decay of V2 in (14. 7|) . By this and the decay of V2 
again, we know that, at time t2, 

|Vn|2 



(4.13) 
Now define 



+ Ru 



{x,t2) < A\e 



Q = Q{u) = e^i* 
By (jn^ and (g^S]), we know that 



\Vu\ 



-a\d?{xfl,t2) 



+ Ru 



u 



iAQ-RQ + dtQ>-K2e^''u, t e [ti,t2], 
By the maximum principle (see |CCGGIIKLLN2| Chapter 12 e.g.), this implies, for t G 

[h,t2], 



(4.14) 



Qix,t)< / G(2;,t;y,t2)^ie^i*2e-'^i'^'(^'0'*2)d5(i2) 



M 



+ 



r [ G{x,t-y,s)K2e''''^u{y,s)dg{s)ds. 
Jt Jm 



We mention that even though Q is a smooth function, it may not be a bounded one for 

each time level, due to the appearance of the term ^^"^ . In order to apply the maximum 
principle, one needs some growth condition on Q near infinity. The way to justify ()4.14p 
is to replace u by the function u^ which is the solution to 

AUe — RUe + dtU^ = 0, t £ [tl,t2] 
Ue{x,t2) = V2+ e 

[dtg{t) = -2Ric, te[h,t2]. 

Here e > is a positive number. It is clear that u^ ^ u pointwise when e — )• 0. Since u^ 
is bounded from above and below by positive constants, we know that = Q{ue) is a 
bounded function. Moreover it holds 

f AQe - RQe + dtQ, > -K2e^^'u 



Qei;t2) < ylie^i*2e-ai<i2(x,o,<2) + (7^, 
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Now we can apply the maximum principle for to derive 
Qe{x,t)< I G{x,t;y,t2)Qeiy,t2)dg{t2) 



(4.15) 



M 

t2 



+ r f G{x,t-y,s)K2e'^''^u,{y,s)dg{s)ds. 
Jt Jm 



Taking e — )■ cxd, this implies (|4.14p . 
By (gH]), (gSI) and (gS]), we derive 

A Jm 

Using the fact that distance functions and volume elements at different time levels are 
equivalent, we can apply (j4.9p to the above inequality to deduce 

Q{x,t) < Ce-'='^'(^'°'*) 

where c and C are positive constants which may depend on ti and t2- This proves that 
iVnP 



+ Ru 



(x,t)<Ce-'='^(-'0'*), te[h,t2], 



which implies (|4.11|) . 



Step 3. Completion of the proof. 

Let u and r be the same as in the statement of the Corollary. In the paper [P] Propo- 
sition 9.1, Perelman introduced the quantity 

iVuP n 

(4.16) P(u) = t(-2Au + + Ru) - n In u ln(47rT)ii - nu 

u 2 



and proved that 

(4.17) H*P{u) = 2t 



Ric — Hess In u — — 
2t 



1 



u. 



We mention that in [P], the quantity P{u) here is denoted by v = v{f) where / is 
determined by n = ^ . Observe that 

(4.18) P{u) = -2TAu + i{u) 

where i{u) is the integrand of the W entropy used in the previous step. 

Next we will integrate (j4.17p . However, at the moment, we do not know the if terms 
involved are integrable. So we need to use certain cut off function. Let L = L{x) be a 
smooth function on M such that 

|VL(x)| + \V^L{x)\ + \V^L{x)\ + |V^L(x)| < Ci, x£ M, 

C{^L{x) < d{x,0,g{h)) < CiL{x), x e M. 

Here the covariant derivatives are with respect to g{ti). Under our assumption of bounded 
geometry, it is well known that such a function exists. See for example Proposition 19.37 
and the remark right after it in |CCGGIIKLLN3] . By our assumption of uniformly 
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bounded curvature and its up to 4-th order derivatives, it is easy to check that, there 
exists C2 > depending on ti and t2 such that 



(4.19) 



|VL(x)| + \V'^L{x)\ + |V^L(x)| + |V^L(x)| < C2 



X e M, 



C2^L{x) < d{x,0,g{t)) < C2L(x), x £ M. 

Here the covariant derivatives are with respect to g{t), t G [ti,t2]- 

Now, for each /c > 0, let = \k{l) be a smooth, compactly supported function on 
[0,00) such that Afc(/) = 1, / G [0, A;]; < Afc(/) < 1, / G [A:, /c + 1]; and Afc(/) = 0, /G 
[k + 1,00). We also require |A'^| < 4. Finally, we take (t)k = Afc(L(x)) as a test function. 

By (I4.17p . we have, since 0^ is compactly supported, 

^/ P{u)^k{x)dg{t)= [ [dtP{u) - RP{uMk{x)dg{t) 

JM JM 

= / [dtP{u) - RP{u) + AP{u)]Mx)dg{t) - [ P{u)AMx)dg{t) 
Jm JM 



2t 



M 



Ric — Hess In u 

2r 



U(j)k{x)dg{t) 



M 



P(n)A0fc(x)(i5(t). 



Let t3,t4 G [ti,t2]- Integration on the above yields 



2t 



Ric — Hess In n 

2r 



t3 JM 

P{u)(t)k{x)dg{U 



u(pk{x)dg{t)dt 



M 



P{u)<l)k{x)dg{h) + 



M 



P{u)A(j)kix)dg{t)dt. 



ts JM 



By ()4.18p . this becomes 



t-i JM 



2r 



Ric — Hess In u 

2r 



i{u)<j3k{x)dg{t4 



M 



u(j)k{x)dg{t)dt 
i{u)(pk{x)dg{t3) 



M 



2t Au4>k{x)dg{t4) + 2t Au(j)k{x)dg{U 
Jm Jm 



+ 



Its JM 

After integration by parts, we arrive at 



i{u)A(pk{x)dg{t)dt 



t3 JM 



TAuA<j)k{x)dg{t)dt. 



2r 



Ric — Hess In u — — 
2t 



t3 JM 

i{u)(j)k{x)dg{t4) 

M 



u4)k{x)dg{t)dt 



M 



i{u)(j)kix)dg{t3) + 



tz JM 



i{u)A(j)k{x)dg{t)dt 



TuAA(l)k{x)dg{t)dt. 



-2t uA(Pk{x)dg{U) + 2t uA(j)k{x)dg{t3) - 2 

Jm Jm Jta jm 

Notice that the support of A(pk is in the region {k < L{x) < k + \}. Since L{x) is com- 
parable with the distance function d{x,0, g(t)), the classical volume comparison theorem 
tells us that \{k < L{x) < k + l]\g(t) < Ce""^. Now, recall from and (fOT]) that u 
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and i{u) have quadratic exponential decay property. Also (j4.19p implies that |A(/>fc| < C 
and |AA(/)fc| < C. So we can take limfc_!.oo inside the integrals on the right hand side the 
last identity. On the other hand, (pk is a nondecreasing function of k, which converges to 
1 pointwise. Therefore we can apply the monotone convergence theorem on the left hand 
side. Therefore 

'•t4 r g 

Ric — Hess hiu 

2r 



2r 

t3 JM. 



udg{t)dt = / i{u)dg{ti) — j i{u)dg{t3). 
'M Jm 



This proves the Corollary. □ 

Finally, we partially extend Perelman's shrinking breather theorem to the noncompact 
case. 

Definition 4.4. (Breathers) 

A Ricci flow (M.,g{t)) is a called a breather if for some ti < t2 and c > there is the 
relation ccff g{ti) = 5(^2) for a diffeomorphism cj). The flow in cases c = l, c<l, c>l 
are called steady, shrinking and expanding breathers respectively. 

When M is compact, Perelman [P] proved that a breather is a gradient Ricci soliton, 
i.e. the Ricci curvature is given by the Hessian of a scalar function. For the noncompact 
case, we have 

Proposition 4.1. Let (M.,g{t)) be a noncompact Ricci flow with bounded geometry in the 
time interval [0,r]. Suppose {'M.,g{t)) is a shrinking breather in the sense that c<p*g{ti) = 
5(^2) for some diffeomorphism (p, c < 1 and ti < t2 where ti,t2 S (O)^^)- Suppose also 
/^(gfe); ) < iJ,oo{g{t2), Then {'M.,g{t)) is a gradient shrinking soliton on 

the time interval [ti , T] . 

Proof. 

We follow the same strategy as Perelman's proof for the compact case. The new input 
is the existence of extremal for the fi invariant in the noncompact setting. Since M has 
bounded geometry, we have shown in the proof of Theorem 11.11 (a) that the Log Sobolev 
functional is bounded from below by a negative constant. By (|4.2p . the W entropy also 
has a lower bound for any finite parameter r. Thus fi{g, r) is a finite number. 

Define L = where c is the number given in the statement of the proposition. 

Then c{L — ti) = L — t2. By the scaling and diffeomorphism invariance of the /x invariant, 
we have 

/^(5(i2), L-t2) = ^{g{t2),c{L - ti)) = fi(cg(ti),c{L - ti)) = n{g(ti),L - ti). 

Note that L-t2 = By the condition ^(5(^2), < ^^00(5(^2), we 

can apply Theorem 1 1.1 1 to conclude that fj,{g{t2), L — t2) is reached by an extremal function 

V2- 

Let u be the solution of the final value problem of the conjugate heat equation: 

' Au- Ru + ut = 0, tG[ti,t2] 
u{x,t2) = V2 

dtg{t) = -2Ric, t£[ti,t2]. 
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Since [ti,t2] C (0,r), Shi's derivative estimate |Sh] shows that the 4-th order derivatives 
of the curvature tensor are uniformly bounded in M x [ti,t2]- This allows us to use the 
Corollary. Let v = v{x,t) = sj u{x, t). Since V2 is an extremal of the W entropy at t2, we 
know from the Corollary that 

fl{git2),L - t2) = W{g{t2),vi;t2),L - t2) 

= Wig{h),vi;h),L-ti)+ r [ 2t 

Jti Jm 

Using W{g{ti),v{-,ti),L - ti) > fi{g{ti),L- ti) = fi{g{t2),L - tg), we see that 



1 ' 

Ric — Hess Inu q 

2t 



u dg{t)dt. 



t2 

T 

U JM 



Ric — Hess Inu q 

2t 



2 

u dg{t)dt < 



which implies that Ric — Hesslnu — ^g = 0. i.e. the Ricci flow is a gradient shrinking 
soliton in the time interval [ti,t2]- By the uniqueness theorem of Chen and Zhu [CZ] in 
the noncompact case, the Ricci flow is a gradient shrinking soliton on [ti,T]. This proves 
the Proposition. □ 
Acknowledgement. I wish to thank Professor Zhiqin Lu for a useful conversation and 
Professor Bennett Chow and Professor Lei Ni for their continuous help on my studying of 
Ricci flow over the years. 
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